The direct production rate of ψ in the Υ decay is shown to be dominated by the process Υ → ggg * followed by g * → ψ via the color-octet mechanism proposed recently to explain the anomalous prompt charmonium production at the Tevatron.
Introduction
The most appealing explanation of the excessive production rates of prompt ψ, ψ ′ , and χ cJ observed at the Fermilab Tevatron [1, 2] is given by the combination of the ideas of gluon fragmentation into quarkonium [3] and the color-octet mechanism [4] , in which a gluon fragments into a color-octet 3 S 1 cc pair which subsequently evolves nonperturbatively into the physical charmonium states by QCD dynamics. While the nonperturbative parameters associated with the color-octet mechanism must be extracted phenomenologically from the rates of prompt charmonium production, the prediction of the shape of the transverse momentum spectrum agrees well with the data [4, 5, 6, 7] . A comprehensive review of these two theoretical developments and their implications at the Tevatron and LEP can be found in Ref. [8] . If this mechanism is correct, it may give rise to many testable predictions for charmonium production in Z 0 decay [9] , low energy e + e − annihilation [10] , photoproduction at fixed target and HERA experiments [11] , hadroproduction at fixed target experiments [12] and at LHC [13] , and B-meson decays [14] . Double prompt quarkonium production from the color-octet mechanism has also been studied at the Tevatron [15] . In this paper, we show that the color-octet mechanism can also provide the dominant contribution to ψ production in Υ decay.
The available experimental data on charmonium production in Υ decay are listed as 
in which the CLEO and the Crystal Ball results show a slight inconsistency. But it is interesting to note that these experiments can reach the branching fraction for Υ → ψ + X at the level of 10 −4 − 10 −3 . Trottier [19] studied the indirect ψ production in Υ decay via the production of intermediate physical χ c states, which decay radiatively into ψ. However, this indirect production of ψ contributes to a branching ratio less than 10 −4 in Υ decay. Since the experimental branching fraction is already at the level of 10 −4 − 10 −3 , we definitely need a new production mechanism to explain the data. We also hope that the slight discrepancy in the above experiments can be resolved in the near future.
Conventional wisdom tells us that hadronically Υ decays predominantly through bb annihilation into three gluons. The rich gluon content in the final state makes it rather easy for the gluon to split into a cc pair in the color-octet 3 S 1 configuration. If ψ can be formed from this color-octet configuration at a significant level as predicted by Braaten and Fleming [4] at the Tevatron [1, 2] , charmonium states should be abundantly produced in Υ decay. A previous theoretical study [20] of the process Υ → ψ + X was based on the color-evaporation model [21] , with which the color-octet mechanism shares some common spirit, but the model fails to be systematic. Another qualitative estimate for Υ → ψ + X can be found in Ref. [22] .
In Section 2, we will briefly review the description of the inclusive decay and production of quarkonium based on the nonrelativistic QCD (NRQCD) factorization formalism given by Bodwin, Braaten, and Lepage [23] . In Section 3, we will discuss in detail several new color-octet processes relevant to ψ production in Υ decay allowed by the general factorization formula. In Section 4, we compare the production rates of different processes and discuss the energy spectrum of ψ in Υ decay.
NRQCD Factorization Formalism
The factorization formalism [23] for the inclusive decay and production of heavy quarkonium allows us to probe the complete quarkonium Fock space in a systematic and consistent manner based upon NRQCD. It can be straightforwardly applied to the case of inclusive charmonium production from bottomonium decay [19] . For the case of Υ → ψ + X, we have the following factorization formula,
where d Γ mn are the short-distance factors for a bb pair in the state m to decay into a cc pair in the state n plus anything, where m, n denote collectively the color, total spin, and orbital angular-momentum of the heavy quark pairs. In the color-singlet model [24] , the NRQCD matrix elements involved in the process
. According to the velocity scaling rules [23] , they are scaled as m c , respectively, and can be related to the quarkonium wavefunctions as follows:
with N c denotes the number of colors. Therefore, these color-singlet matrix elements can be determined from the leptonic widths of the Υ and ψ. The short-distance factor in the color-singlet model for this direct process includes bb(
The two possible color configurations of the heavy quark pair are denoted by 1 for singlet and 8 for octet. The leading order Feynman diagrams for these processes are of order α 6 s . Due to such a high order in the strong coupling constant, it is unlikely that these color-singlet processes can be the dominant production mechanism.
The first example of the double factorization formula such as (2) is the indirect ψ production in the decay Υ → χ cJ + X with χ cJ → ψγ considered by Trottier [19] . The short-distance factor Γ(bb(
s , which is enhanced by a factor of 1/α s compared with the direct color-singlet processes mentioned in the previous paragraph. However, the infrared divergence in the leading order calculation of the short-distance factor indicates that the results are sensitive to the scale m c v c or smaller.
Therefore, in addition to the color-singlet matrix element O c ) to absorb the infrared divergence. The short-distance process associated with the color-octet matrix element is bb(
s . In this case, the introduction of the color-octet matrix element is required by perturbative consistency, since the infrared divergence would otherwise spoil the one-term factorization formula.
In the next section, we will consider the direct and indirect ψ production in Υ decay with short-distance factors of order α may not require higher Fock states of the quarkonia. In the following, we will first consider the produced cc pair in the color-octet 1 S 0 , 3 S 1 , or 3 P J configuration, which subsequently evolves into physical ψ described by the matrix elements O
respectively. These color-octet matrix elements are suppressed by v 4 c relative to the color-
has been extracted from the CDF data [4, 5, 6] , while two different combinations of the other color-octet matrix elements have been extracted from the CDF data [6] and from the photoproduction data by
Amundson et al [11] .
Though of much smaller effects, we also consider the contributions by the higher Fock state of the color-octet bb pair inside the Υ associated with the matrix element Υ|O 8 ( 3 S 1 )|Υ , whose value has not yet been determined. An order of magnitude of this matrix element can, in principle, be estimated by considering the ratio
which implies that its value should be highly suppressed. The ratio in (5) tells us that processes associated with a color-octet cc pair inside the produced ψ and a color-singlet bb pair inside the decaying Υ are much more important than those with a color-octet bb pair inside the Υ and a color-singlet cc pair inside the ψ. Using the value O
from the leptonic width of ψ, 
However, such a large value for this matrix element would substantially increase the hadronic width of Υ, which would diminish the leptonic branching ratio to an unacceptable level. Obviously, this matrix element enters into the hadronic width of the Υ via the short-distance process bb(
In order not to spoil the experimental value for the leptonic branching ratio and the total hadronic width of Υ, it is necessary to put a bound on the value of the matrix element Υ|O 8 ( 3 S 1 )|Υ . The hadronic width of the Υ has the factored form
with the following short-distance factors calculated to leading order in α and α s ,
Γ(bb(
andΓ
In Eq. (8) , N c is 1 and 3 for f equals charged lepton l and light quark q, respectively; Q f is the electric charge of the fermion f in unit of the positron charge; and we have set m q and m l to zero in Eqs. (8) and (9) for simplicity. Using the following expression for muonic branching ratio
together with the experimental value for BR(Υ → µ + µ − ) = 0.0248 ± 0.0007 [25] , we can obtain the following bound on Υ|O 8 ( 3 S 1 )|Υ :
where we have allowed a 2σ variation on BR(Υ → µ + µ − ). Alternatively, we can obtain another bound by using the total width of Υ, but the result is not as good as the one given by Eq. (11) . Therefore, in the rest of the paper we will use the value Υ|O 8 (
GeV 3 . With this value for Υ|O 8 ( 3 S 1 )|Υ , we obtain the ratiô
which is now sufficiently small posing no threat to the experimental value of the leptonic width in the Υ decay. The input parameters used in our later numerical calculations are summarized in Table 1 for convenience. Since all our new calculations are at tree-level only, we, to be consistent, extract the color-singlet matrix elements from the leptonic widths of ψ, ψ ′ , and Υ using tree-level formulas.
Color-Octet Processes
We shall first consider two processes with a color-octet cc pair inside the produced ψ and a color-singlet bb pair in the decaying Υ.
bb(
The leading order diagrams for the process bb(
one of which is shown in Fig. 1(a) . This is similar to the process Z → cc(
which is negligible because the short-distance factor is suppressed by powers of m inclusive production rate from these processes can be written as
The short-distance factors are calculated to leading order and are given by
where
We have also used the nonrelativistic approximation for the mass of the quarkonium: M Υ ≈ 2m b and M ψ ≈ 2m c . We note that bb(
, the total width from these processes can be simplified as
which can be normalized by the leptonic width of Υ:
Using m c = 1
, and BR(Υ → e + e − ) ≈ 0.0252 [25] , the contribution from the above coloroctet processes to the inclusive branching ratio BR(Υ → ψ + X) is only 1.6 × 10 −5 , which is almost two orders of magnitude below the CLEO data (1). s and its calculation is very much similar to the process Υ → ggγ * → gg ll [26] .
Introducing the following scaling variables:
such that x v + x 1 + x 2 = 2, where E i stands for the energy of the particle i. In the rest frame of Υ, the differential decay width is given by
where the ranges of integration for x v and x 1 are
One can integrate over x 1 to obtain the energy distribution of ψ,
Numerically integrating x v , we obtain the partial width,
We note that the color-octet piece for the process Υ → χ cJ + X considered by Trottier [19] can be obtained from the above Eq. (25) by simply replacing the matrix element O
with O χ cJ 8 ( 3 S 1 ) . However, the expressions for the energy distributions (21) and (24) were not given explicitly in Ref. [19] . The prediction of the partial width is sensitive to the values of the two NRQCD matrix elements, the running coupling constant α s , and the heavy quark masses. For convenience we can normalize this partial width to the three-gluon width Γ(Υ → ggg) given by Eq. (7) times the matrix element Υ|O 1 ( 3 S 1 )|Υ :
It is insightful to take the scaling limit of m b → ∞ with x v = E ψ /m b held fixed in Eq.(24).
In this scaling limit, one can deduce
The right-handed side of Eq. (27) can be recognized to be three times the gluon fragmentation probability P g→ψ in the color-octet mechanism obtained by Braaten and Fleming [4] . Thus, the above scaling limit corresponds to the fragmentation approximation. Comparing the above limit (27) with the exact result (26), we see that fragmentation is not a good approximation. However, this limit suggests that the scale to evaluate the α s in Eq. (26) should be 2m [4, 6] , and assuming BR(Υ → ggg) ≈ BR(Υ → light hadrons) = 0.92 [25] , we obtain
This prediction is smaller than the CLEO data by merely a factor of 4, and is consistent with the bounds from Crystal Ball and ARGUS.
The color-octet process studied in this subsection applies to the case of ψ ′ as well, simply by replacing the matrix element O
, whose value has also been extracted from the CDF data to be 0.0042 GeV 3 [4, 5, 6, 7] . With BR(ψ ′ → ψ + γ) ≈ 57%
[25], we obtain a branching ratio of 4.3 × 10 −5 for the inclusive ψ production in the Υ decay that comes indirectly from ψ ′ .
One can also consider the processes Υ → γgg * followed by g * → ψ (ψ ′ ) via the color-octet mechanism, and Υ → ggγ * followed by γ * → ψ (ψ ′ ) in the color-singlet model. Up to overall normalization, the energy spectrum of the ψ for these two processes are predicted to be same as in Eq. (24) . However, their partial widths are suppressed by factors of 8α/(15α s ) ∼ 
and 32α
2 O ψ 1 ( 3 S 1 ) /(45α 2 s O ψ 8 ( 3 S 1 ) ) ∼ 0.06,
bb(
We now turn to the case where the bb pair inside the Υ is in a color-octet 3 S 1 state. The first process we consider is the production of χ cJ from Υ decay. The leading order Feynman diagram is depicted in Fig. 1(c) . The factorization formula for the decay rate can be written
We note that up to coupling constants, color factors, and NRQCD matrix elements, these processes are similar to the ones bb(
The short-distance factors can be extracted easily from the previous calculations,
The matrix element O χ cJ 1 ( 3 P J ) is related to the wavefunction according to [23] 
Using the value of the matrix element Υ|O 8 (
5 from the potential model calculation [27] , and the branching ratios BR(χ c1 → ψ + γ) = 0.273 and BR(χ c2 → ψ + γ) = 0.135 (χ c0 has a negligible branching ratio into ψ) [25] , we obtain the width Γ 1c (Υ → ψ + X) ≈ 0.05 eV and thus a branching ratio of 9 × 10 −7 . Therefore, these indirect contributions are negligible when compared with the indirect mechanism considered earlier by Trottier [19] .
One of the six leading Feynman diagrams for the short-distance process bb( Fig. 1(d) . The corresponding differential width can be written as the following factored form
with the short-distance factor given by
where the allowable ranges of x v and x 1 are given in Eqs. (22) and (23). Integrating over x 1 , we obtain the energy distribution for ψ
The partial width is obtained numerically:
With the previous inputs, α s (2m b ) = 0.179, and O 
Other Color-Octet Processes
When Υ annihilates into apair via the s-channel photon γ * , a bremsstrahlung virtual gluon emitted from the light quark line can become an octet cc( 3 S 1 , 8), which then turns into ψ. The factored form of the rate for this process is
This process is of order α 2 α 2 s , which is similar to a potentially dominant color-octet process in the prompt ψ production in Z 0 decay [9] . We can easily translate the formula from Ref. [9] to the present case. The partial width is given by
Here Li 
Discussions and Conclusions
The energy distribution of charmonium in the Υ decay can provide an interesting test for the NRQCD factorization formalism discussed in Section 2. The energy distributions for the processes of Figs. 1(a) and 1(c) are just a delta function with the peak at one half of the Υ mass, while the energy distributions for the processes of Figs. 1(b) and 1(d) are given by Eqs. (24) and (36), respectively, and are shown in Fig. 2 . The solid curve in Fig. 2 is the energy spectrum of ψ for the dominant process bb(
monotonically increasing as the ψ energy increases and eventually cut off by the kinematic limit. In the fragmentation approximation (m b → ∞ with E ψ /m b held fixed), the energy distribution of ψ for this subprocess is the same as that of the fragmenting gluon, up to an overall constant. The result using the fragmentation approximation is shown as the dashed curve in Fig. 2 for comparison. The fragmentation approximation has overestimated the exact result for all energies of the ψ. On the other hand, CLEO [16] obtained a relatively flat momentum spectrum. However, the rising spectrum shown by the solid curve in Fig. 2 can be softened by various mechanisms such as final state interactions of the soft gluons [28] and by relativistic corrections of the bound state [29] , just to name a few possibilities.
This situation is very similar to the photon spectrum in the decay Υ → γgg [28, 29, 30] .
The dashed-dotted curve in Fig. 2 is the energy distribution for the suppressed channel bb( 3 S 1 , 8) → g * → cc( 3 S 1 , 1)gg and it has a much flatter shape.
Among the several processes that we have considered in this paper, those two with the color-octet bb pair inside the decaying Υ are more than two orders of magnitude below the CLEO data and therefore negligible, while the other with the color-octet cc pair inside the produced ψ are relatively more important. The largest contribution is being the process shown in Fig. 1(b) , which has a branching ratio about 2.5 × 10 −4 . The next largest contribution is the indirect process considered by Trottier [19] . From Eq. (21) we obtain J BR Trottier (Υ → χ cJ + X; χ cJ → ψγ) ≈ 5.7 × 10 −5 . Processes that are comparable to this one are (1) the process shown in Fig. 1(a) which has a branching ratio of 1.6×10 −5 , (2) the processes Υ → ggγ * → ψ + X and Υ → γgg * → ψ + X via the color-octet mechanism which have a combined branching ratio about 2 × 10 −5 , and finally, (3) the indirect contribution from ψ ′ having a branching ratio about 5×10 −5 . Therefore, adding up the contributions from all these processes, we obtain a branching ratio BR(Υ → ψ + X) ≈ 4 × 10 −4 , which is within 2σ of the CLEO data. Given these theoretical results, it would be very interesting
to have more precise measurements of the inclusive rates and energy spectra of charmonium from the Υ decay. This would provide a crucial test of the NRQCD factorization formalism applied simultaneously to both the bottomonium and charmonium system.
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